The out-of-time-ordered correlator (OTOC) is central to the understanding of information scrambling in quantum many-body systems. In this work, we show that the OTOC in a quantum many-body system close to its critical point obeys dynamical scaling laws which are specified by a few universal critical exponents of the quantum critical point. Such scaling laws of the OTOC imply a universal form for the butterfly velocity of a chaotic system in the quantum critical region and allow one to locate the quantum critical point and extract all universal critical exponents of the quantum phase transitions. We numerically confirm the universality of the butterfly velocity in a chaotic model, namely the transverse axial next-nearest-neighbor Ising model, and show the feasibility of extracting the critical properties of quantum phase transitions from OTOC using the Lipkin-Meshkov-Glick (LMG) model.
Introduction.-The out-of-time-ordered correlator (OTOC) [1] [2] [3] [4] [5] [6] [7] has been recently proposed to characterise the way in which a local information of a quantum many-body system disperses throughout the system, a process called information scrambling [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and also to describe chaotic behavior such as butterfly effect in quantum many-body dynamics [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . For two local operators W and V of a quantum many-body system with Hamiltonian H, the OTOC is defined as [2, 3] 
where W(t) = e itH We −itH and V(0) are Heisenberg operators at time t and 0 respectively and the angular bracket denotes the expectation value over a pure state or over a thermal Gibbs state at inverse temperature β = 1/k B T with k B being the Boltzmann constant and T being the temperature. The OTOC is closely related to the squared commutator C(t) = |[W(t), V(0)]| 2 = 2[1 − F(t)] for local unitary operators [2, 3] . Physically, the decay of the OTOC F(t) or the growth of C(t) characterizes scrambling of quantum information [37, 38] . The OTOC also describes how a local perturbation W spreads to affect the measurement of V at a distance r, which may be viewed as a quantum butterfly effect [3] . Recently, several schemes [39] [40] [41] [42] [43] [44] [45] [46] have been proposed to measure the OTOC experimentally in a variety of physical systems [47] [48] [49] [50] [51] .
In equilibrium, a quantum phase transition (QPT) accompanies a long-range quantum correlation at a critical point [52, 53] . Understanding how such criticality and correlation in equilibrium affects the scrambling of information and the butterfly effect is an important theoretical challenge. On the one hand, in the context of holographic models dual to classical gravity, it was recently conjectured that the butterfly velocity is maximum at quantum critical point (QCP) [11] ; however, whether this conjecture holds universally true for such models are yet to be understood [54] [55] [56] [57] . On the other hand, a longtime average of OTOC shows distinctive features between a normal and broken-symmetry phase in Ising-type spin models [58] and it has been proposed that the long-time average (or the long-time saturated value [59] ) of OTOC can be used to detect QPTs [58, 60] . The latter approach is however limited to detect the presence of broken-symmetry phase and does not allow one to extract a broad phenomenology of QPTs such as universality and scaling as well as its connection to butterfly effect from OTOC; moreover, as it relies on asymptotic dynamics on a long-time scale, a long coherence time is required in experiments, which is in general a challenging requirement for quantum many-body systems.
In this Letter, we develop dynamical scaling laws of the OTOC of both local and global operators of a strongly interacting many-body system undergoing a second-order QPT. From such scaling laws of the OTOC, we find that the information scrambling and the butterfly velocity at the critical point are completely governed by the equilibrium critical properties of the system, namely, critical exponents and thereby the universality class. We predict a universal function for the butterfly velocity in a generic quantum chaotic and critical model and confirm this prediction using the transverse axial next-nearest-neighbor Ising models (ANNNI) model, which we numerically solve using the time-dependent density matrix renormalization group (t-DMRG) approach. Moreover, we propose a strategy that is capable of extracting critical properties of QPTs using OTOC, going beyond of a simple detection of the existence of QPTs. We note that our strategy relies only on the short, transient dynamics of OTOC rather than its asymptotic dynamics, which imposes a less stringent condition on the coherence time. To this end, we develop a finite-size scaling analysis of OTOC of global operators and test these ideas with a fully-connected Ising model known as Lipkin-Meshkov-Glick (LMG) model.
Dynamical scaling of OTOC.-Let us consider a general quantum many-body system with Hamiltonian H(λ) that undergoes a second order QPT at λ = λ c . As the system becomes scale invariant at the critical point [52, 53] , we introduce scaling dimensions of X = W, W † , V, V † , operators defining the OTOC in Eq. (1) as [X] = ∆ X . Namely, under a scaling transformation, r → r = r/b, the operator X transforms as 52, 53] . We note that the scale transformation with b > 1 corresponds to grouping b lattice sites into a single block. Relevant parameters determining the OTOC near a critical point are the temperature of the initial thermal state T , the inverse of the system length L −1 , the distance of the control parameter to the quantum critical point h = |λ − λ c |, the time t and the distance r between local operators W and V, that is,
The scaling dimensions of these variables T , L, h, t, and r are well-known to be [ 
= −z, and [r] = −1 where ν is the correlation length critical exponent, ξ ∼ h −ν with ξ being the correlation length and z is the dynamical critical exponent, τ ∼ ξ z with τ being the correlation time. By applying a scaling transformation based on scaling dimensions of operators and variables introduced above, we have
for a critical system in a scaling limit (L −1 , h 1). Here 
This suggests that the OTOC for local unitary operators close to QCP is invariant under scaling transformations.
(II). If W and V are global operators, such as in Ref. [58, 59] , the OTOC does not depend on distance and Eq. (2) reduces into
Below, we numerically confirm the validity of the predicted dynamical scaling of OTOC, Eq. (3) and (4) Universality of butterfly effect in chaotic, critical quantum systems.-For a quantum chaotic system, the OTOC F(T, L −1 , h, r, t) for local operators separated by a distance r typically exhibits a ballistic traveling and the scrambling time t s linearly depends on the distance r [22, 37] . The butterfly velocity defined as v B = r/t s quantifies the spreading of information in quantum systems; for example, we have F(r, t) = 1 for r v B t and F(r, t) = 0 for r v B t. The aim of this section is to investigate the critical properties of butterfly velocity and to demonstrate its universality.
In the quantum critical region where the temperature is the dominant scale [52] , we set b z T = 1 in Eq. (3) and obtain the dynamical scaling form
Here Φ 1 is a universal scaling function for the OTOC onto which all data for F(T, L −1 , h, r, t) collapse when properly 
2 r 2 , then the renormalized scrambling time T t s should also be identical T 1 t s1 = T 2 t s2 . By dividing the last two equalities, we get
In order to satisfy the above condition, the butterfly velocity should contain a factor T 1−1/z in addition to a function that depends only on the rescaled variables of hT −1/(νz) and T −1/z L −1 ; namely, the butterfly velocity of a chaotic quantum many-body system in the quantum critical region should take the form
where G(x, y) is a universal scaling function. From Eq. (7), we can obtain the finite-size scaling exponent of OTOC along the quantum critical trajectory (line with h = 0 in the quantum critical region). For h = 0, we have
Here Q(y) ≡ G(0, y). In order to eliminate temperature dependence when T → 0 and L < ∞, it is necessary to have lim y→∞ Q(y) = y γ with γ = z − 1. Thus the butterfly velocity at the quantum critical point (h = 0, T = 0) for a finite system size is
Eq. (7) to Eq. (9) are the predictions for the butterfly velocity in the quantum critical region from the scaling invariance of the OTOC for local unitary operators. Note that if the dynamical critical exponent z < 1, then the butterfly velocity in Eq. (7) to Eq. (9) diverge at quantum critical point or in the thermodynamic limit. But, the causality requires that v B should be bounded. Thus Eq. (7) to Eq. (9) are valid only for z ≥ 1.
In the thermodynamic limit, L → ∞, we have
Here K(x) ≡ G(x, 0). To eliminate temperature dependence when h 0 and T → 0, it is necessary to have lim x→∞ K(x) = x α with α = ν(z − 1). Thus the butterfly velocity along the quantum critical trajectory (h = 0) and at zero temperature are respectively
From Eq. (11), we predict that for a chaotic quantum manybody system of Ising universality class with z = 1 [52] we have v B ∝ T 0 ; that is, the butterfly velocity becomes temperature independent. On the other hand, for superfluid transition of Bose-Hubbard model [52] , z = 2, we predict that the butterfly velocity increases as a square-root of temperature, v B ∝ √ T . Finally, Eq. (12) shows that the butterfly velocity vanishes right at QCP (h = T = 0) and increases as one deviates from the QCP at the zero temperature. It is interesting to note that Eq. (10) and Eq. (11) agree with previous predictions for a class of holographic models with classical gravity near the QCP [31, 54, 55] ; meanwhile, our derivation is based on the scaling and universality of QPTs and should be valid for any chaotic many-body systems undergoing a QPT. The dynamical scaling laws of OTOC described so far is completely general and in the following we support their validity using a specific quantum chaotic many-body model.
The ferromagnetic axial next-nearest-neighbor Ising model.-To illustrate the universal critical properties of OTOC and of the butterfly velocity, we focus on the the transverse axial next-nearest-neighbor Ising (ANNNI) model. The model is a paradigmatic example of a quantum many-body model exhibiting both non-integrability, thus leading to a possibility of chaotic behavior, and quantum phase transition. The Hamiltonian of the ANNNI model is [62, 63] 
Here σ α j is the Pauli matrix at site j along α = x, y, z directions, J is the ferromagnetic coupling, λ is a transverse magnetic field, and ∆ quantifies the strength of the next-nearest neighbor interaction. For ∆ = 0, the model recovers the transverse field Ising chain. For ∆ > −0.5 (∆ 0), on the other hand, the model is non-integrable and presents a QPT of Ising universality class with critical exponents ν = z = 1 and thus we choose ∆ = −0.3 and J = 1 in all numerical simulations. We choose single-site spin operators W = σ x i and V = σ x j that are separated by a distance r = j − i as operators defining the OTOC in Eq. (1), which are unitary operators. This choice goes beyond the case previously studied in Ref. [58] where an identical local spin operator W = V is chosen and allows one to investigate the butterfly effect at a critical point. Finally, for a numerical simulation, we utilize t-DMRG approach [61] which allows us to simulate the dynamics of a 1D spin chain of length up to 48 spins. Figure 1 shows the OTOC in the ANNNI model close to QCP. Fig. 1(a) presents OTOC with W = σ One can see that the OTOC remains to be 1 until the scrambling time t s at which OTOC starts to decay, as indicated by the arrows in Fig. 1(a) . As the distance between W and V increases for bigger system size, the scrambling time increases too [ Fig. 1(a) ]. Since W and V are local unitary operators, the OTOC should obey scaling invariance described by Eq. (3). We confirm that this is indeed the case by showing that all data points collapse into a single scaling function when properly rescaled [ Fig. 1(b) ].
Next, we consider the OTOC with M = σ 42 (right) . Therefore, within the numerical error, we conclude that the butterfly velocity at the critical line h = 0 is a universal function of T L, which strongly supports Eq. (8) for the ANNNI model numerically. Finally, at QCP (T = 0, h = 0), Eq. (9) predicts that the butterfly velocity of the ANNNI should be independent of lattice sizes L. In Fig. 1(d) , we show the density plot of the OTOC with W = σ OTOC as a probe of QPT.-It has been recently proposed that the long-time average of OTOC [58, 60] or the longtime saturating value of OTOC [59] can be used to detect QPTs. Here, we shall show that the dynamical scaling laws for OTOC of global operators can be utilized to locate the QCP and extract the critical exponents ν and z of QPTs using the transient dynamics of OTOC.
To avoid the prefactor in Eq. (4), we define a normalized OTOC,F ≡ F(t)/F(0), for global operators at zero temperature, which satisfies
In the finite-size scaling regime bL −1 ∼ 1, we replace b with L so that we havẽ
Let us now define the first minimum of the OTOC as
where t min is the time at whichF takes the first local minimum [64, 65] . From Eq. (15), we haveF
According to Eq. (16), if we plotF min as a function of control parameter h for different system sizes L, all curves will collapse onto a single function when it is plotted against L 1/ν h. Therefore, the correlation length exponent ν can be obtained by choosing ν so that data collapse is achieved around the critical point. The dynamical critical exponent z can also be obtained from studying t min as a function of L at QCP because Eq. (15) shows that at QCP,
Alternatively, one could also determine ν and z directly from Eq. (15) because it says that all curves ofF as a function of h and t for different system sizes L shall collapse into one curve if we scale h by L 1/ν h and t by L −z t. The scheme for probing QPTs in terms of the normalized OTOC in Eq. (14) does not depend on what operators W and V one uses in defining OTOC as long as they are relevant scaling operators. In this sense, using the normalized OTOC is more robust than that of OTOC in Eq. (4), which does not require a prior knowledge of scaling dimension of W and V. Therefore, we conclude that measuring OTOC as a function of time for different sizes [47] [48] [49] [50] [51] , one can extract the location of QCP and all critical exponents of the QPT.
The Lipkin-Meshkov-Glick (LMG) model.-In this section, we verify the validity of scaling laws of OTOC for a global operator in Eq. (4), Eq. (16), and Eq. (17) using the fullyconnected Ising model often called as the LMG model and illustrate how critical properties of QPT can be extracted from OTOC. The dynamics of LMG model have been experimentally implemented in trapped ions systems [66] [67] [68] . The Hamiltonian of LMG model is [69] , Here γ is the anisotropy of the ferromagnetic coupling in the x and y direction, and λ is the magnetic field along z direction. For γ 1, the LMG model presents a QPT [70] [71] [72] from paramagnetic phase (λ > 1) to ferromagnetic phase (λ < 1) at QCP λ c = 1 and the correlation length critical exponent and the dynamical critical exponents are respectively ν = 3/2 and z = 1/3 [70] [71] [72] .
For the OTOC, we choose a global operator W = V = σ x = j σ x j /L. Using the scaling dimension of σ x , ∆ σ x = 1/3 [70] [71] [72] , one obtains the scaling dimension of OTOC, ∆ F = 4/3. In Figure 2 , we present the numerical results for the LMG model. First, Fig. 2(a) shows OTOC at T = 0.1, h = 0.005 as a function of time for different lattice sizes L = 1000, 1500, 2000 respectively. If the control parameters in the OTOC are scaled by the transformation described in Eq.(4), we observe that the OTOC for different lattice sizes indeed collapse into a single curve [ Fig. 2(b) ] as predicted by Eq. (4). In Fig. 2(c) , we plot the first minimum of the normalized OTOC as a function of L 1/ν h at zero temperature T = 0 and confirm thatF min (L, h) in Eq. (16) is indeed a universal function of L 1/ν h for ν = 3/2. Finally, in Fig. 2(d) , we present the logarithm of t min when the OTOC presents the first minimum as a function of ln L and a linear fit of the data shows that z = 0.330 ± 0.001, which agrees to the exact solution very well [70] [71] [72] . These numerical results demonstrate that the critical exponents z and ν can be extracted using the scaling laws of OTOC.
Summary and Dicussions.-In summary, we have shown that the OTOC in quantum many-body systems close to its critical point obeys dynamical scaling laws which are specified by a few universal critical exponents of the quantum critical point. The scaling laws of the OTOC imply a universal form for the butterfly velocity of a chaotic system in the quantum critical region and allow one to determine the quantum critical point and all universal critical exponents of quantum phase transitions. We support our results numerically in two paradigmatic quantum many-body models. Because the OTOC has been experimentally observed in a variety of physical systems [47] [48] [49] [50] [51] , the scaling laws report in this letter could be experimentally tested and verified in the near future. 
